Abstract. The propagation of cylindrical Rayleigh waves in a transversely isotropic thermoelastic diffusive solid half-space subjected to stress free, isothermal/insulated and impermeable or isoconcentrated boundary conditions is investigated in the framework of different theories of thermoelastic diffusion. The dispersion equation of cylindrical Rayleigh waves has been derived. The phase velocity and attenuation coefficients have been computed from the dispersion equation by using Muller's method. Some special cases of dispersion equation are also deduced.
Introduction
The spontaneous movement of the particles from a high concentration region to a low concentration region is defined as Diffusion and it occurs in response to a concentration gradient expressed as the change in the concentration due to change in position.
Thermal diffusion utilizes the transfer of heat across a thin liquid or gas to accomplish isotope separation. Today, thermal diffusion remains a practical process to separate isotopes of noble gases (e.g. xenon) and other light isotopes (e.g. carbon) for research purposes. The thermodiffusion in elastic solids is due to coupling of fields of temperature, mass diffusion and that of strain in addition to heat and mass exchange with the environment.
Nowacki [1] [2] [3] [4] developed the theory of thermoelastic diffusion by using coupled thermoelastic model. Sherief and Saleh [5] investigated the problem of a thermoelastic half-space in the context of the theory of generalized thermoelastic diffusion with one relaxation time.
Singh discussed the reflection phenomena of waves from free surface of a thermoelastic diffusion elastic solid one with one relaxation time in [6] and with two relaxation times in [7] . Aouadi studied in [8] the generalized thermoelastic diffusion problem with variable electrical and thermal conductivity. Aouadi studied also the interaction between the processes of elasticity, heat and diffusion in an infinitely long solid cylinder [9] and in an infinite elastic body with spherical cavity [10] . Gawinecki and Szymaniec [11] proved a theorem about global existence of the solution for a nonlinear parabolic thermoelastic diffusion problem. Gawinecki et al. [12] proved a theorem about existence, uniqueness and regularity of the solution for the same problem. Uniqueness and reciprocity theorems for the equations of generalized thermoelastic diffusion problem, in isotropic media, was proved by Sherief et al. [13] on the basis of the variational principle equations, under restrictive assumptions on the elastic coefficients.
Aouadi [14] proved this theorem in the Laplace transform domain due to the inherit complexity of the derivation of the variational principle equations, under the assumption that the functions of the problem are continuous and the inverse Laplace transform of each is also unique. Aouadi [15] derived the uniqueness and reciprocity theorems for the generalized problem in anisotropic media, under the restriction that the elastic, thermal conductivity and diffusion tensors are positively definite. Kumar and Kansal [16] developed the basic equation of anisotropic thermoelastic diffusion based on the Green-Lindsay model.
The present study is devoted to the propagation of cylindrical Rayleigh waves in a transversely isotropic thermoelastic diffusive solid half-space subjected to stress free, isothermal/insulated and impermeable or isoconcentrated boundary conditions in the framework of different theories of thermoelastic diffusion. The dispersion equation of cylindrical Rayleigh waves has been derived on applying boundary conditions. Muller's method has been used to solve the dispersion equation and to compute phase velocity and attenuation coefficient of cylindrical Rayleigh waves. Some special cases of dispersion equation are also deduced.
Basic Equations
The basic equations for homogeneous anisotropic generalized thermoelastic diffusion in the absence of body forces, heat and mass diffusion sources, following Aouadi [15] and Kumar et al. [16] are: (i) Constitutive relations:
(ii) Equations of motion:
(iv) Equation of mass diffusion:
where c ijkm (c ijkm = c kmij = c jikm = c ijmk ) are elastic parameters. a ij (= a ji ), b ij (= b ji ) are tensors of thermal and diffusion moduli, respectively. ρ, C E are, the density and specific heat at constant strain, respectively; a, b are, coefficients describing the measure of thermoelastic diffusion effects and of diffusion effects, respectively, T = Θ − T 0 is small temperature increment, Θ is the absolute temperature of the medium, T 0 is the reference temperature assumed to be such that |T /T 0 | ≪ 1 and C is the concentration of the diffusive body in the elastic body. τ 0 , τ 1 are diffusion relaxation times with τ 1 ≥ τ 0 ≥ 0 and τ 0 , τ 1 are thermal relaxation times withτ
, e ij (= e ji ) = (u i,j + u j,i )/2 are components of stress, thermal conductivity, and strain tensor, respectively. u i are the components of displacement vector u. α * ij (= α * ji ) are diffusion parameters. P , S are the chemical potential and entropy per unit mass, respectively; k is a material constant. Here,
The symbols "," and "." correspond to partial and time derivatives, respectively. Applying the transformation:
where φ is the angle of rotation in the x − y plane and using the relation x = r cos θ, y = r sin θ and z = z, in the equations (4)- (6), we obtain the basic equations for homogeneous, transversely isotropic, generalized thermodifffusive elastic solid in cylindrical coordinates, as:
where:
σ rθ = c 66 e rθ , σ θθ = c 12 e rr + c 11 e θθ + c 13 e zz − a
σ θz = c 44 e θz , σ zz = c 13 e rr + c 13 e θθ + c 33 e zz − a 
Here, α t , α tc (t = 1, 2, 3) are the coefficients of linear thermal and diffusion expansion, respectively. In the above equations (11)- (12), we use the contracting subscript notations 1 → 11, 2 → 22, 3 → 33, 4 → 23, 5 → 13, 6 → 12 to relate c ijkm to c in (i, j, k, m = 1, 2, 3 and l, n = 1, 2, 3, 4, 5, 6).
Formulation of the problem
We consider an infinite homogeneous transversely isotropic, thermoelastic diffusive half-space, initially at uniform temperatureT 0 . The origin of the coordinate system (r, θ, z) is taken at any point on the plane horizontal surface. We take z-axis as the axis of symmetry and pointing vertically downward into the half space, which is thus represented by z ≥ 0. The surface z = 0 is subjected to stress free, thermally insulated or isothermal and impermeable or isoconcentrated boundary conditions. We take r − z plane as the plane of incidence. Therefore, the basic governing equations of homogeneous transversely isotropic, generalized thermoelastic diffusion in the absence of body forces, heat and diffusive mass sources for two dimensional problem, are: 
We define the dimensionless quantities:
(17)
Upon introducing the quantities (17) in equations (13)- (16), after suppressing the primes, we obtain:
Solution of the problem
We assume the solutions of the form:
where ω is the frequency and ξ is the complex wave number. J 0 and J 1 are, the Bessel functions of order zero and one, respectively. Here, U is the amplitude of displacement u and W , S and R, the amplitude ratios of displacement w, temperature T and concentration C with respect to displacement u, are respectively. Upon using solutions (22) in equations (18)- (21), we obtain:
where (27)
The system of the equations (23)-(26) has a non-trivial solution if the determinant of the coefficients 1, W, S, R vanishes, which yields to the following polynomial characteristic equation:
where the coefficients A * , B * , C * , D * are given in Appendix. Since, we are interested in surface waves only, so it is essential that motion is confined to free surface z = 0 of the half-space so that the characteristic roots m 2 p (p = 1, 2, 3, 4) must satisfy the radiation conditions Im(ξm p ) ≥ 0. Then the formal expressions for displacements, temperature change and concentration can be written as: 1, 2, 3, 4) are arbitrary constants. The coupling constants n 1p , n 2p , n 3p (p = 1, 2, 3, 4) are given in Appendix.
Boundary Conditions
The dimensionless boundary conditions at the free surface z = 0are given by: (i) Mechanical Conditions (stress-free surface):
(ii) Thermal Conditions:
Here, h 1 → 0 corresponds to thermally insulated boundaries and h 1 → ∞ refers to isothermal surfaces. Similarly, h 2 → 0 corresponds to impermeable boundaries and h 2 → ∞ refers to isoconcentrated surfaces.
Derivation of secular equations
Substituting the values of u 1 , u 3 , T and C from equations (29) and (30) in the boundary conditions (31)-(33), we obtain a system of four simultaneous linear equations as:
The system of equations (34) has a non-trivial solution of system of equations if the determinant of the coefficients of amplitudes A p (p = 1, 2, 3, 4) vanishes. This, after lengthy algebraic reductions leads to the secular equation obtained as:
where D 1 = P 12 (P 23 P 34 − P 33 P 24 ) − P 13 (P 22 P 34 − P 32 P 24 ) + P 14 (P 22 P 33 − P 32 P 23 ), D 2 = P 11 (P 23 P 34 − P 33 P 24 ) − P 13 (P 21 P 34 − P 31 P 24 ) + P 14 (P 21 P 33 − P 31 P 23 ), D 3 = P 11 (P 22 P 34 − P 32 P 24 ) − P 12 (P 21 P 34 − P 31 P 24 ) + P 14 (P 21 P 32 − P 31 P 22 ), D 4 = P 11 (P 22 P 33 − P 32 P 23 ) − P 12 (P 21 P 33 − P 31 P 23 ) + P 13 (P 21 P 32 − P 31 P 22 ). 
in the above analysis, we obtain the results for the case of cubic crystal materials.
2. If we have,
the above analysis is reduced to the case of isotropic materials.
Numerical results and discussion
We consider the stress free, thermally insulated and impermeable boundary conditions, for the purpose of numerical calculation. The numerical results for copper material (thermoelastic diffusive solid) are taken from Kumar et al. [16] . The values of relaxation times are taken as:
Figures 1 and 2 show a flow chart to compute the phase velocity and attenuation coefficient of cylindrical Rayleigh waves by using Muller's method. The equation (35) is a complex transcendental one in two unknowns ξ and ω. The equation (35) can be written as F (ξ) = 0 for a given value of ω. Muller's method is used to find an approximate root of F (ξ) = 0. The algorithm of Muller method's in order to find phase velocity and attenuation coefficient is as follows:
1. Decide initially three approximations say ξ 1 , ξ 2 and ξ 3 of the root, number of iterations (maxit) and two error bounds (eps1 and eps2).
2. Put I = 1.
3. If I ≤ maxit, then compute F (ξ 1 ), F (ξ 2 ) and F (ξ 3 ), otherwise write "Process fails to converge the root" and go to step 10.
4. Compute q * , x * , y * and z * by the following relations:
6. If |z 1 | ≤ |z 2 |, then compute:
Otherwise compute: 
, Q = Im(ξ 4 ).
Stop the process.
The variations of phase velocity and attenuation coefficient with respect to frequency have been plotted in Figs 3 and 4 . In all the figures, the solid line corresponds to CT theory of thermoelastic diffusion and small dash and long dash lines represent L-S and G-L theories of thermoelastic diffusion, respectively.
It is noticed in Fig. 3 , that the values of phase velocity increase with the increase in the values of frequency in all three theories of thermoelastic diffusion, that is, CT, L-S and G-L. Corresponding to G-L theory, the values are larger in comparison to CT and L-S theories except in the initial range that is 0.1 ≤ ω ≤ 0.4. Figure 4 indicates that as the value of frequency increases, initially there is a sharp increase in the values of attenuation coefficient in CT, L-S and G-L theories, but finally the value decreases. Corresponding 
Conclusions
In the present paper, the propagation of cylindrical Rayleigh waves in a transversely isotropic thermoelastic diffusive solid half-space subjected to stress free, isothermal/insulated and impermeable or isoconcentrated boundary conditions is investigated in the framework of different theories of thermoelastic diffusion. Muller's method is used to compute the phase velocity and attenuation coefficient from the dispersion equation. 
